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ﬁmbm in parontheses refer to the bihliompbyj

_After the works of Odqvist (1, 2), Lichtenstein (3), and Leray (&),
dadicated to provine the theorem oI the existancs and uniquenssa of a
solution of the boundery probler for the gtaady motion of s visoous
llquid with smail leynolds muber, this problem cen be considerad some
pletely developed, Two vorks of Odquist (5) end Leray (6) may be cited
which treat boundary prebloms for unsteady motlon.

A soluticn of the linear problem is given in Odgqvist's work with
some rather gonerel assumpiions by twe different gethods depending upon
shother & finlte or infinite {isld'is beins examined, . The preblem for
a plane is similarly examined in Yersy's extensive work. Lerey reducos
tha solubion of the linear pivblem on 8 plane to a system of two singu-
lar interra) equations. Uaing tho method of suctessive appreximation,
Leray also sxmmlnes she nonlincas problem cn o plane and shows that o
single nolution of the so~called pariialiy linsarized problem does
exisd.

The present works is dedicated to tho solution of the bazis lisear
boundary probilam for $hs unsteady motion of » viaocius 1 ncompresaibis
l4quid, The proble.. sonalabs of the following: detercinution of regular
intrefield solutions of the linear hydrodynamic equations wiih given
values of velocit: at the boundary at the inftisl mmnant. Tho fiald
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" 4s considered to be a single campendensy; unaffscted by tine, ‘and -
1imited by an arbitrary closed surface with s contimously variabls
tangential plane end primary curvaturs, If the field is extermal,
thadesired solutions mot also satisfy the given conditions for
intinieyy. The solntions are considered comsient inaide the field
md have continnons dardvatives Up to & sertain crder dependent upon

omntim The given initial values are alsc reguiar inside ths
£9e24, and wmless speciioally stipuiated otherwiss, we shall demand
only contipuity from the boundary values.

Aﬂmmwtheﬂmarmblumthemrmluuau the
sbernel €isld $a given hers. In coatrast to Odgvist {6), after proat
of the theorem on the wmiiquanmss of the sclutisn and reducstion of the
initial oonditions to seyo, we st wp fundamental solubions by which
the problen i reduced to the solubtion of & systenm of quasi-regular
integral aquetions of the msecond kind, The solution of this systen
ie found by successive approximetion, simultaneously showing its anique-
osasnens. The sdlution of the plans problem arieing out of the general
lineer case is given at the end of the paper.

. HEMULATION OF THE PROBLEN AND

dncompreasible 1iquid found in an unsteady state
mmmw or extern.. fisld D, limited by x snlid

‘ abzanoe of external tmec, the limarhmndary problem
is forwnlated ia the following forms determination of the fusetions v
by e intrafield motious which ut.hfy thouuarhvdm-
C o v

9A\1-%%g %- §rol py div v =0 ”' )

Q.2

uwummm.uommt &> © the velecity v is given on
$he douvdary, wnd at the initial moment v 1s 2 given Ifunticn of the
scodinates dnside the £1634,

in the case of an external fleld, without lixiting the gezeral-
m,ummmmmmmmnwmm.

ifwy = v ~ Voo 1s plooed in (1.1) the free mssber may bain-
Mumm andmwﬂlhnaoquawnl(x..l)mwo
ummmmwemmumn infinity for the
desired fundtiony.

2. s chail show ﬂuﬁ. mmmm
hmmu acdztion mmmmmmu

than ans
dotsrmined with m@ummemtmumdew vro
the time. Yor this it iIs sufficient to shiox that the system {1.1) .

with sere mmmmmmmummm.
.,‘-2-.‘
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Multiplying both parts of the firat oquation.oy system (1.1)
- sealarly by-v. and-taking the integral-in the-field D; we-have SR

‘ o e
%5 vtap = 24§ v—AvJD»;-S vegradpio
o o b

. (1.2)
By the second equation of systen (1.1) we have
V- grod p = Jt'v(fv)-op div v = J:,(fv)
. . ' ' (1.3)

and acsording to the Gauss formula, ws obtain

‘S: v-gred pdb= -j'fv,'dF= 0

D F (1.4)
vhere n is the internal nommal to the surface F Vy, i3 dqual to-

sero oo the surfase, Formula (1.4) is also appfmbn 1 the case of
an external fleld aince the velocity at infinity equals sero, and we
I!llcmaidarthatlinﬂpv'- OwithR ~ 0w,

, agsoording to Gresn's formils, it is possible to writs
(mldsrﬁ.ng a;/a,, %o be continuous in the #ield D + F)

S’Z (873"’ ,')-‘-Ja. - Vf%‘;JF“5V'AVdD
< S %

Since v becomes sero on the iurface, wo obtain

Sv -0 vdD £ 0‘
v ' {.5)
On the basiz of the forculse (i.4) and (1.5), equation (1.3)
gvon *

¢ [ ua

Ly vrdo 4L

dtf "_ 0

7

whish proves cur hypothesis. Acutally, at the initis) moment v, 2e

ﬂluﬁcmwmthefiﬁunfm m.&lugm;

wm,thomwmdmmtu

because it 1s not negavive. On the other hand, if this integrel is
3
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..ot equal to zero, then becouss of the latter formula of ita
derivative according to time, it must be negative thruighout,
which is imposaible. Consequently, the vector v is exactly
equal to zerv. . )

o 3. Te exanined boundary problem ean ba reduced to &
B boundary problom with imitial conditions of zerc. .j@ shall
prosent, v as the sum of two solutions v, and V%, and have the
vector ¥, satisfy (1.1) and the initial conditions.

To find tho vector v, we shall represont it as the
vortex of & new vector V; i.e., asoume v, = yot V, and substi~
tuts 1t in system (1.1); after eliminating the preasure ws obtain
for vector V the equation

VAAV-B_A_Y + 9 8r‘addiv V"‘VAérdddv‘v V=0
9t 3t ‘ v .
(x.6)

Since wector V is determined with accurssy up to a gradlent
of an arbitrary function, vwe may take div V O without destruying
the gensrality. Actually, in the expression of the vector V an
srbitrary vestor gred  may be included. Then to satisfy the latter
condition we will have

VeV, rgrad W,  AW=-J0V,

.7
Thus, aquation (1.8) can be presented in the form

V-4V
VAA\I .5? -0

The wortex of vestor V is givon at the initia) momont, but
. cbwiously i

(rarV}t ™ nr'(V)“o

. R _ ' : Prom this condition the vactor V, = (V)¢ . o 38y be deter~ S

TR mind. Actally, in conformity with the Sonditios &v'V © O, we _ B

, L v 2osme that wita regard to the Umitiag vaiue of ¥, Vp = 0 oz & C P

L2l surface F. Then the problen of the~Seterxination of-V, will donstst of

s L : the following; detexminstion of this wecior of veiceity Vo of an io-
cunptesiibls 1iquid 1 & £1s3d bounded by a closed stutic gurface
¥, whon the vortax zat ¥, &5 given inside the flald aid Vg = O o
eﬁo,m;u.umnufumum,vcco.emmgy.
This pre:lex 15 solved by the usuel mcthels o2 alacaioal hydrodyaicios
(7). iherefore the iritial value V can be ccnsidered a5 givesn,

-l
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If. is easy t'.o rrove dix‘ectly that the part.ial solution of
equation (1.7) may be presented in the form

5747«5 “S de"‘g Vo bnDers [T_‘Z‘(” -é )L}'ms

We shall show that westor V° satisfias the initdial condition.

Asauming f,‘.sx‘.f.lx( Jor » we will have
tre 10 oo
V= J 5 S Vix, 4 x, VT, ..., 0)exp [ Zo"‘]dms

b

Shifting to the limit with £ —> 0, we obtain

W, 0=V (x,,x,,1,,0)

Therefore, a solution v, of system (1.1) xi11 bs found, which
satistics the given initial oondgtim and the condition of attesua-
tion st infinity (Sn the external field) becauss v, = ot v satislies
\101) & weas #s the indicatad W‘m qiﬂ'uw 24 ramains to

find a lolutim » of aystem (L.1) which satisfies the given muu.u
conditions, with the initial value equal to sero.

Gonsoquemtly, the bmwprobluund-rmmimuonwbe
formulated as follows: determination of the funetion vy (1=1, 2,
3, mt p, which are regular in the fivld emmined and sutisty ths
oqua

L9 _ L 9, 9%
VAD, F E(—;" Za"l.
: (1.8)
and the limiting conditions
(V,;)f =f; (P)O)j (U;)! .0 =0
(1.9)

and i the eass of ibc external field, slso satlafy Lhe eondition of

atteanation ai infinity. Also, we shall consider it established that,

sosoxding to coanum (1.3) aad {1.9), the funotion v, will be found

as simple mmbers, aand p eccurete tc an arbitrary function related to

thy time (if they axist § .
- s -
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T. PUNDAUZHTAL SOLUTIONS

. Pirst, we shall reproduse briefly Odgvist's resuits for
the soluticn of the steady linser problem (1) ascording to his work
montionsd above (2), ‘

Eat P(xy, x5, %3) be an internsl point in the field; w the
of the

eomponants of the velocity u, and q the hydrodynamic pressure
steady metion. The functions uy and q, which are regular inside the
fiald, satisfy the linsar system of equations .

/ oy
VA“;'=;‘;—E: L;%:U
(3 3

(2.1)

At the boundary w takes given coatinuous values; in the case
of an infinite fisld, u; satisfies the condition of attemuation at

Wo ehall designate by wi(u){§ = 1, 2, 3) the arbitvery 4o
eus funstions of the point U( &1, é2, £3) of the surface F. w:?m
sent; the solution of (2.1) in the form

Iy a;[‘Z w, (M;-L,J (P)M)df';ﬂ

J
u} .
1= -#f g“ w; (M)y; (P,_An)_u-‘m , L (2.2)

where )
Jeces(ryn -
Uy = % 2 - -
¢ Erveer (x:. -§, Mo =8}

; vp Ccus "=”2
= —
q‘ 2 3xj r

X
T‘SZ()’,"’G-()
in which veator r vuns frem point M to point P,

The expressicns wi, detarmined by formulas (2.2), are
charagterined by properties amdogous to the propertiss of the
- potentinl of a double layer, They ars regular ineido the field, but
on sroselng through the boundary surface, they experience s disscnti-
midty o the 2iret order, acoording to which a system of integral
equatisne 19 obtained for determinmation of tho unknows funotions wy,

- 2]
[ N
w; () 7 A J Loy Wb, (N, M) 35, o, LH)
. v (2.3)
ware N 1s the Mnuiting - ositfon of the ot b with respect to ite
siromline to the twundary surfass, wu(N) ars the given boundary

valuss of the somponeate of velasity, ast A = +1 fn the oa
toteroml fle)d, or A = -} 13 tha h-m 1% axtervoel, . se of en

-~
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System (2.3) presents s quasi-regular system of three ¥re
holp integral equations, Using the usual theory, it is established:
with A7 =1 gystem {2.3) has a unique continuous solution for sontinu—
ous ug(M); with A= +1 1t is recese~ry and eufficleat for the ex-
istende of a solution that the given boundary values of velocity
through the surface F be equal to zero.

£ the motion is two-dimensional, the indices 1 and j in
the formlas prescnted will changs from 1to 2, and for uyy and
qy ve shall take the valuss

. o co3ENA) g, s (r,n)
q"g r,’ (’l“él)(x,}—f})’ 91:59;;9_0_—;-)—

Then the solution of the problem is presented in the form

uﬂ.:%éy; w; (M)u.,, (P,M) ds
ﬂ"%gjé“’i(’”)ei(’"’”w" | (24)

where G is ﬂ\eooubourboundingbhownimdplamfhm,anddeh
the elament ottheuroofﬂﬂlmatpo:lml.

_ To determine the functions ) we will have a system of two
integral equations :

w, (W) MJZ w; M) (A, M)ds = w;ON)
¢ J | (2.5)

A solutdon of the systen (2.5) in the internsl field (Az +1)
as well as in the three-dimensional case xists if uksll) satisfies
tio oonditicn that the transfer of velocita threugh the contour C be

equal to zavo, )
" 1n the external fiedd (A = -/ ), in contrast to the three-
dimensional. c3se, tion of ggzmﬂn exist ont{ for those
mm.:tl! wiilch are o to Lhe solutions of the
mumm iy o e fnat u; beobos
8 ) i necsssary Lo assune vy
logarithatoally infinite at nfinity. v _

2. To develop the fundamental sclutions of the unsteady motion

problem, we will use the fundemental solutions of the steady motion .

problac. ‘e ‘ntroduce the expressions

X =6/ ' e (&), 9
q>‘-- '&m—:'l .n,'(.x,,"t';_,), Yin® -llm-il g x.
s

. (2,8)

" where By 1 the directing Josina of the normal n with the coordinats

axis x,
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Theri the functions uyj may be detemmined in the form

. cosy; '. _ - iwhsrc. e K
‘ um"'mg;j:x"'v"l’ Sm"ZowAe,re LFER

whare 7" is the gagle betwsen r = MP and the normal n. It is easy
wwovs directly that ¢ 4 and U, satisfy the squations

3
A =32 oY Uk _ _ 2 cosy
==-212- G382 - @
¢ ; Twrr? hey xx  Ix; Jpr™

We ahall examine a combination of the following nine values:

Un = Sin AR, M, 1) + Y, (P, )

(2.7
where .
y oSy -rt ne (% =56;) -y® AL
s ap o, W =iy 2L 08,
.8 V(,,\,')’J' wye * T 51/(,,,)3? g7 Ix,
' {2.8)

with ¢4 satisfying Foiseon's squation and the boundary conditien

A, = -13A Fr (MM, t)= M)up d .
Ix; Yve

g\t

(2.9)
Punction A satizfies the equation of thermal condusctivity

.- S U (2.10)

and 1 regular in f1e14 D 47 with t >0, and with t « $ reverts tc
. -~ %670 inside the field. The funotioa @y is regulur in fleld 2, aud
s by (2.9) we may consider thet it revert® to zerc im tie initial momsat.
* T : fanotion Pgl¥,M,t) te churmoteriatis whss N agrass with ¥ asd
N . + » 0 howsver, as will e sasn from the following gkreagraph, ¢9; amd
) v : it derivatives along the soordinates revert €o wero lnwside the Tield
. __-f il with t » 0./ With € >0, ta viev of the regularity s¢ A due to the

seond syuation of (2.9}, tas fusotion Py aiso will bo pégular o
£1914 D +F.

b_,g- -
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o means' of formulas (2.7): {2:8); and (2.9)y 4t is eagy iy
to prove grscﬁly that ¥ gy eatisfy the et’patienv e )

W -0
3%
" (2.11)

mnﬂnthxw&mtﬂweheedmhlb+!ﬁtht>o,m
the!uitiﬂmuﬁmcrttozminaldotheﬂold.hbmiﬂtmdum

g 3

= P a?[
FPi=P ("A P, 9—:
{2.12)
can show by stbistitution that Viy and p, satiefy {1.8),

Ve
will cell the ¥ on Yy and p; the fundemsntal sclutions of
m 1-8’) and (1-9)0

&

Xii. INTEGRAL EQUATIONS

Inkroducing the arbitrery continucus functions , %3 of the
m _I y:‘?iﬂe’ —w fornmlas (,2.11), (2012), and jvgz‘ may

oA e

prosent the desired coaponenis < Uy of the velssiiy amd FA—
p in the form

o RS L
- 9%
f{P,l):f‘S dF ng,Z‘ w4, <)(v4 %, .&—)ac + Pole) o

woare Py () 29 an rary functica.

Acoerding to equations (2.11) and (2.12), the axpressions (3.1)
o (3.2) satisty aiaw(l.g " Insm.um,'tm revert to serc at
the initisl moment (ocosidering pe(0) = ), ant in the case of an
mmmmmmmamm-mmum
at infinity. Tt remaine to satiofy the boundary conditions (L.9).

ho\lumotthemdmuwud)dbh;ltm
1ine «f point P to the surface. We hewve

-9 -
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g e g g
j v = ["%“ym“” o) ] Tt
J |
-y

0
U % 7'3 d
+ ex

h‘o‘f 4V ~T) o =)

Substituting t~T = 7 fhvw™, ve. f1od

¢ R 2
4 -7
dT 1
lf‘;l wotle-v) exr oy (e -7) \<
1/}

Therefors, the second mombor in the right side ¢f fommla (3.3)
remaing & smaller modulus than i“iki'
t

On the sther hand, according to Odqvist's results, we can main-
tain that the intoral variss continupusly through the entire range
frem Uy (P, M) along tho surface F, Prom this ve conclude that the
surfase integral fron the sesond membar in the right side of formula
(3.3) will be continuous when crossing through the boundary surface.. .

Consequently, the question is reduged to the study of the first
maeder in the right sids of formula {3.3). e shall indicats it by
_Jax. Using the second formula of {2.8) and expressions (2.6) for
U;": introducing the expressica

T

y'll. (f, M.t}; ', (A, M) "TIA

exp ~—~
YNwrve? Jve

the expression for Jy, Can be presented in the fom

es do
avye - <) Yy c-T)

fa
R ] 5 @ -p)det Sama

_ The seoond iutegrzl in the right side of the latber formula is
indioated Yy J. ,

It car casily be ahown that substituting t~T = # /b vw 2, and
intagrating by parts of the ssoond integral gives ‘

14
(x, =5/ ); J érrie-T)r -r*
0

‘/T [ 424

2 .
J*--'-;;i axf:-:-c(-r

-10 -
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!imp,whm

e g £
L 2 - ,
gy 'J/” =fé-;- (pf"W')df "M ex -
v K

AP yve

. Aocerding to sxpression (2.2) for the surZace integral
£rom the stomd meeber in the right elds of formla (3.4) wiil
?mumg:.&:fmmm D 4 F with each t >0, P

¥4 satistios the squation & » fat the fa-

Alwr- )&Br' 2 b3 ?’éi - 1:& 9:1.-: .
2 2 5/?@’)»’ e G N der (3.5)

' %he fwmotdan reverts 6o sero ab the bopndary
w‘t h'#ﬂtﬁdmi&lu cmmmmgmﬁtz?’

oo Tob iy, go, yo) e an Srbernel in € £is14. Desigs.
e Coan Rurcsinie funotdon by OLP
- S

— 220 f ~ Ir aa LYW & R
Y/ -.7"?) 0"(?,”’/‘/ (,V}JUP
D
Pron 210 we obtedn

. t
| aj(ﬂ--ﬂ')dfg(\s(g QNDJ& (Q,M,r-’f)d'\: 3 65
4]

ugm(s.s)mav 1t is easliy shom by inte.

> ‘ *

BrdTa T'é; exp A '
’m Yve v (3‘7)

fore 46), we can conciode thet

Egweision. (3.7) 16 tn ' o
, e 7) nemnq-hd&;)o. Thare- E
f 2 (#:-y:)dc '
g

-1l -

——— o o e . —
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sTAT)

fsa ccnumvusimmuuu thrcughout the rangs up to the surface.
3 oodimous throughout the entire fleld N4-F
andbyrormﬁ(a.z)um-hemtheeonﬂndmtha +h

fdf}jv,f‘o/r'

also ramsins entinuous Mththsumm&mdpointrtmxdtm
surfsce P,

Cansequently,
.llnfdpf K( E‘T)dTafJ/: -}{“ (A;,fgtv*'l')of}’
F 0

On the other hand, we lave

t B B ‘ e
44:[ ¥ Vdts f iF J [ O, DR e n,j_///,z)f JF [V, d<
F o0

F. Q9

ﬂc—-\

,t..;o uoondaamnum

jdfle*M,,(/Vi/t—”

acoanding to fommias (2.7) aad (3.1), the be-
mofmm;&mvimtham&osﬁgl .m&uu

¥
¢

WP {4 Ff o (M) B e <l
oo

which presents the spatinl thermsl potential of doobhkau
wth o deastty w Mgummmm;umw.
lixtting vnm,slv \moh the upper and lwer limits of tils
potential (sec Myunts (8)) ars

<12 -
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L ‘ 5 _ v
Woew )+ W™= )+,

the limiting values Yy take the fora
- 8 o P i .

On the basis of the latter relations, whick saf.is!y the
boundary conditions (1.9), we obtain a system of three integral
. ecuations for determining the unimown functions ws

: )\m(A/,c)fij:)’Z WM, 7)v, WM, - TiT=f, (Ht)  (3.8)

where £(N, t) are the g.ven Uadting values of the components of
velodity Aw 4 1 in the case of the Memlmhm,mdz--l b s
if the prodblsm is external. R R

I, TMROTICATION OF THN SCLIMTTON

1. cuation (3.8) forms a system of compoaite :w;egral PR RO
squations of the Voiterra typs. The solutdon of this gystem ean .../ 7
be carrisd out analogously to the solution of the equation of
thermal conductivity by using sucoessive a.pprcximaﬁons. e shan
examine & vmmuiﬂ:aparm X

| Aw Kt x [JFJ’Z WKM,T)Q,-(/}{Mr-;T)Jr._-.f,lﬁ(”;t ) (m.).‘:‘
g ho . .

and present its solution in the fam
')’/’:26’ Hom. e %2)

Shstituting in aystem {4.1), ws obtain for the deter-
mination of the members of the uoriea the recurrent fornnlas

Tfr? .
”(m-}:) “'“fdfj(In,A +ZJ"A’M K‘)JT (lu3)

=13 -
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into consideration o
mgngh. e e:: mwn {2.8) for A, after

™

) Lus )
- J x\/'w)’cc ~F Sy = =Y *Jh J vk dF (1.5)
By tmmlu (3.3, (3.4) end (3.6), we bave

~&yMr;~§;)cos -r?
JIi(V Jr f“ nKej =5 )cos y
j K erp Jur

£ooyr( \/__" )

3

4 PO

ey N

+} U,.u:j Cerd e e
) "'Vrv!?r 1‘5 ff?r-(t S e e g

‘/"j SGM',Q) )v""g?‘)hiﬂm S

Novar e F w
Taicing into canalderation expression (206) for Uy, 1t s
mh m

" easlily noticed that the r ddaofthslatta-'
bowwthcmm.?.m

a e Inthemotpointﬂnnmllsepmkmmﬁm
T _ : m:;pm mmr,mdwmmuepoweﬁy
. . ;ognﬁuinthoﬂaroquyro,dmtmhsm:g

uhkainpomtllmdtm 3xis x3 ie directsd according to
norml.  Thus, we will have with mmw ofnvahidzdma

v o X Y 2
rne i G e

whata x3 = a3(my, Xp) iw the squation of the surtace F,.

¥e ghall designate by yﬂwmmmath firat
itenm ~f formila (4.5). To citain an svelnatiocn nprumtitionm

R fom »

.dl: =JF "':J fJfa ‘
v -
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In the right side of this formuls the first integral is

nqd.ted; for the second integral we ean writs i
. ar .9 . i .
Jolaob [Tyt | : e
FOI 5 ") E V- -1y °  (LT7) , o
P o
Here is a constant related to the surfacs }; and § is _
2;10 radius-vectar of the contour of the surface Foo ubstitutien
f—ﬂ'——— =W, dr AN v (e - T)dw
L Wic~-t °
glves
27
1 ’(a.\/ VJJB w’exp(-aw')dw (w"= e .é_.._..)
¢ s S 2 VY(\'- -T
0 0 [
. The right rart of the latter inequailty io limited for ('
all 3 and t; therefare, it can be comoluded that Jo_ 15 of Uimited
- walue and SR o
- Jj<eve ;
S : (4.8)
~ Let £ be the maximm value among the given |£,] in systam -
gmg. On the“basls of the determination of (4.3), by i'oauﬂ.e e . .
4.3) vo otain _ L , , :
. |’(a ‘éfa) l"f': < cfavf; o o (4e9)
By (4.5) and (4.8) we de’urmine i’iz ‘
: i vrac e S Ay
'A cf e \ T x[A+) V.. |4F
. 23 4 [ /?‘-—'F B '.%.: L{]
. . vo F T h {
. ~15 -
v L HESTRICTED !
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Subetituting e tw, we will have

.1‘
‘M“l<°fa(‘:‘ *‘a‘)J ’/E_.. o
YIew
0

Adnmoland_czm positive constania ¢3 4¢3 = ¢.
Therefore, we may write

4
g [
l‘ff&;l("‘fu"jm d @

It i1s known from the theory of the gaema functicas that

2 .
f @ ¥dw [ @) U-p)
(J-w) r(asd-p

(p< )

Co the basis of this last equation, we cbtain

_ 2 LOAR)ITGA)
’”ﬂz,(" tf, ). {420}

Evalvation of the third member of the series (4.2) is
osrried out in an snelogcus panner

/"aA)[f‘(’A)]a'
W Kc Ve'k 1)

Sentinuivg this prooess o deteiwinaticn, we oblain for
the gessral teom

(4.11)

M| em v, AT e VT
FGEm+1} S ariE- u)

(422}
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C Therefare, the ratio of the two asuccessive termo of the
. ma.joritv of series (4.2) will be i

(3 mf{)
M[atm+2)+4]

which at all finite values of t and x tends' toward zero vhen m — «;
t(wona;quently, with x = 1 eerdes (4.2) gives a colution of system
3.8

2. It is easily shown that the sclution of zystem (3.8) is
unique. Acetually, the existence of two different continuous so-
ltions of system (3.8) would indicate the oxistence of a continu-
ous solution other than zero of the carresponding hamogensous
aystem

cx/t

(/V ¢) fj dl‘jZ/ VY;‘(M V)um (/S’/ﬁ c"\)d ( v(‘.*?'l_-a)_'

We shall designate the upper lirdt of the absolube values
f the salution of avetam () 11\ hy w_. Ry aquation (I. 11\ and: the

' / x;sooding determinations we havs_ >
wlgm J
or
] £ eni®

On the buais of this ((etemnatl (W fmm oql.pticn (b.l;
we obtain

/"./’)/-2./ Jlrd
l”'( TR

. ; o ‘ i comtinuatdon of thi= desicrmination proceas leo,ds us to
C d a' gensru determination analogous to [L.12)¢ .
L ‘ o ‘ ‘ l i ,,ec_"?\,lrm"“
P 23 4 +1}
el . , From this we cbtain vi(N, £) >0 with v - 9o, wnish
' ’ was to be demnstrawd. .
3. The solution of tho plone rroblem can.be o‘atdmd fron
formilas (3.1) and {3.2), changing the iadices i and k from 1 to 2
-and taking the expression (2.8) in the forn
-7 =
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i recosY > (A —5&;) -r FL2
= EXp e expo— F =t
S ' vt
Ywve Yot e Ve OA, (4.14)

Cohsiderinz that the fundamental solutlons of the p]ane
problen according to Odgviat have the form

LS, o) )
L Syne + U'V"

where .

el =&)  ad; -6, :
Upesta 200y , ¢, = % G‘Z‘nﬂ(x,‘ K)

>r : a ’r'{

vs deteralno the funstion @y ._i‘ram' the boundery problem .

.., A ). TR A =Tt o
Aq% '%5}” q:,.(/;//{,)v-_ __yl_____c,, ol ng,l5) R

¢

Int:cduedng the expression

i L
{/ (PM)I)' -—-7/:—;:-‘—' =R P Tf.;:',_
we will have _
z
1’?1 t -7:7 ' 'rl’n‘ - :
5/.1-\317-_\"-‘ c 8. d<= ?x 4
v UCJ f S Ik I"/.,c
: 0.
Pﬁr!imr,
3 o ' o
W 9T [ Vg = e oy p ldr + Ui 3 ey dT
S"‘ )L‘ﬁ(r IS f‘/rr'v_] c/.fr-c)* Yy (r )
i 0 4
-18 -
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. Bubstituting t -7 = r® / bvw, we obtaln

<l

a : L
S 7 . exp ~=L dr
Yy (c~-) fvile - %)
0

The question i3 again reduced to the study of the behavior
of the integg‘al ; I ) ’

o o ’ ! 2. 2
' P ) L R a5 P sl DR
! g “ J a‘,; Vil —()‘v r)y,‘ ex; Yo (T dic=
o, - . (4.16)

- {9 o Fnmbg B oy e
- gé.‘:):(P"-—fUl)j'f —%v;r—q.bz Py

(2}
Taking into consideration that

:

#:-vi = [ 8@, M J6(P, 014D,

where G(P, Q) is the Green harmmic function on the plans, and
replacing in formulas (3.1) and (3.2) the integrals aleng the
surface F by the integrals along the contowr C which limiis the
examined plane field of motion, we obtain by the lmowmn formlas 2
syatem of two integral equations ) ) ) ST

YL Aw (Mt)f! 4_552 W ,7) s Bpiye =Odvery iy
From this the unknown Zensities w; and w, are determined.

o ' _ Equations (4.17) form o qrami-regular system of two inbagral |
s : equations of the Volterra type for vhich the abovewprosented conclasions
on the existenca and uniquenoss of the w:lution of system (3.8) hold.

2 , We shall indicate one characteristic difference of the prin-
] cipal valve between the unsteady and the corresponding steady proodsses.
i L Thile with 3 = = 1 (the external field), generslly spealking, cystenm
e ‘ . (2.5) has no lation (Stokes' ~azadox), system (4.17) has a rolution
with ai. continuous vaines £y wid £ both for A+ 1ond for Amw %« .
. oven though ¢ L oe . This Xiffuzence is due to the different charac-

" ter of the integral equations, namely, in the first case ve have &
equatiw of the Fredbolm $ype, vhiles in the sacond the equation is of
the ¥olterra typs. On the other Imwd, from tha phyeiomi point . of winy
such a differexce, it wvould e¢sem, 1s abndorwal. .

-19 -
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In connection with the .atter circumstance it is excepticn~
ally interesting to examine the queation of the limiting tranasfor
with ¢ —' <. In all probability we wuld bave to expect that vith-
in 1imits we would obtein a solution of the steady problepm. However,
the external two-dimensicnal problem of hydrodynamics confirms the
fact that it ls cloarly impossible to consider the concurrence of the
Himiting solution of the unsteady problem with the solution of the
steady problem.
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